We explicitly construct a (unique) Spin(9)×SU (2) singlet state, φ, involving only the fermionic degrees of freedom of the supersymmetric matrix-model corresponding to reduced 10-dimensional super YangMills theory, resp. supermembranes in 11-dimensional Minkowski space. Any non-singular wavefunction annihilated by the 16 supercharges of SU (2) matrix theory must, at the origin (where it is assumed to be non-vanishing) reduce to φ.
Introduction
The fermionic degrees of freedom of SU(2)-matrix theory (see e.g. [1] ) are three Spin(9) spinors, θα A , (α = 1, . . . , 16, A = 1, 2, 3, θ † αA = θα A ), satisfying canonical anti-commutation relations {θα A , θβ B } = δαβδ AB .
The corresponding 2
8·3 -dimensional Hilbert-space H = H 256 ⊗ H 256 ⊗ H 256 splits into irreducible Spin(9) representations built out of the ones occurring in H 256 = 44 ⊕ 84 ⊕ 128.
First determining all Spin(9) singlets occurring in H, in terms of the three representations 44, 84, 128 (whose elements are denoted |st , |stu and |tα respectively), the central part of the paper then is the explicit construction, out of these Spin(9) singlets, of a (unique) Spin(9) × SU(2) singlet φ (whose relevance has been advocated by Wosiek, who was led to the existence of such a Spin(9) × SU(2) singlet using symbolic programme [2] ).
In the next section we take an independent route to obtain φ, here proving its uniqueness, by listing all possible Spin(7) × SU(2) invariant states and then taking their (unique) linear combination such that the result is Spin(9)× SU(2) invariant.
While the three representations in H 256 , forming an 'Euler-triple' (cp. e.g. [3] ) -quite likely relevant concerning the existence of a (unique) zero energy state for general SU(N ≥ 2) (note the intertwining nature of the two terms γ t βα θα A and γ st βα θα A in the supercharges of the model) -have quite a long history in supergravity theory (starting with [4] ), we could not 1 find a good reference for their Fock space representations and therefore derived them explicitly (see Appendix A) to be sure of the exact intertwining relations.
2 The construction of φ According to the decomposition of H 256 ⊗ H 256 into irreducible representations of Spin(9) (cp. e.g. [7] , eq. (13) Using the 'Rarita-Schwinger' constraints (RSC) γ t αβ |tβ A = 0 and the intertwining relations (cp. Appendix A)
it is straightforward to calculate the action of the SU(2) generators
ǫ ABC θ αB θ αC on the above Spin(9) singlets; e.g. 
are cancelled by those arising from the terms containing |tβ 1 . Perhaps it is worth noting that the image (under the action of any of the SU(2) generators, say J 3 ) of ||| 84 1 (which is not needed for the Spin(9) × SU(2) singlet) is, using γ stpq ∝ γ xyzvw ǫ xyzvwstpq , proportional to γ s βǫ |uβ |vǫ |suv (and that the apparent 'puzzle' of the Spin(9) singlet γ suv βǫ |tβ |tǫ |suv not entering these considerations is 'resolved' by observing that only the cyclically invariant combination ||| 3 The construction of φ out of Spin(7) × SU (2) singlets
Here we reproduce the result obtained in the previous section using an independent approach. Our strategy is to take advantage of the natural Spin (7) covariance of fermionic creation operators λ αA , α = 1, . . . , 8, corresponding to the full Spin(9) × SU(2) model. To do so we first write the fermionic
where we use the conventions for γ s as given in Appendix A. The condition M ij φ = 0 is the Spin(7) invariance of φ while M 89 φ = 0 tells us that φ ∈ F 12 (where F n F denotes the sector with n F fermions). Therefore we are led to search for a combination of Spin (7)×SU(2) invariant states in F 12 such that
The number of Spin(7) × SU (2) invariant states
In order to solve Eqn. (5) we attempt to list all Spin(7) × SU(2) invariant states in F 12 . In doing so it is helpful to first calculate the number D n F of such states appearing in F n F for arbitrary n F . This is done following the lines of [9] by writing F n F as are assumed to carry spin s = 1/2 of SO (7)) and where F n F , j is F n F projected into subspaces with given SO(7) angular momentum. Therefore the dimensions of subspaces with angular momentum j = 0 are
where dµ SO(7) and dµ SU (2) are SO(7) and SU(2) invariant measures, R is the adjoint representation of SU(2) and j = 1/2 representation of SO (7), i.e. R = R SO(7), j=1/2 ⊗ R SU (2), j=1 . The characters χ can be read off directly from the Weyl character formula while the antisymmetric power of χ(R) is given by the Frobenius formula (see e.g [10] )
(here R is considered as a matrix). Taking all into consideration we find that the generating function for the numbers D n F is
Note the duality between F n F and F 24−n F , i.e. the particle-hole symmetry.
The construction of Spin(7)×SU (2) invariant states and φ
We now proceed to construct the Spin(7) × SU(2) invariant states in F 4 , F 8 and finally in F 12 (note that there are no such states in F 4n+2 , n = 0, . . . , 5 and F 2n+1 , n = 0, . . . , 11). Let us first consider operators
In the F 4 sector there are only two such states for which we choose
They are not orthogonal as the overlap matrix
We developed a symbolic programme written in Mathematica to confirm that indeed G is of this form. In the F 8 fermion sector there are 5 invariant states. Three of them are simply
The remaining two are e.g.
We checked in Mathematica that these states are linearly independent. Finally in the F 12 sector we should have 7 states. Considering the previous sectors we can construct already 8. They are
Accordingly there should be one relation between them. Indeed, we found that
and that there are no other identities among these 8 states. Therefore we can choose the F 12 basis to be e.g.
Finally we checked that there exists a unique combination of r i such that Eqn. (5) is satisfied. The result reads χ = 326304r 1 + 488136r 2 + 72612r 3 + 1377r 4 + 114576r 5 −176528r 6 + 10296r 7 , and is proportional to (4).
Outlook
Having solved a (physically relevant) representation theoretic question, let us now make a comment on the problem of determining the full zero-energy eigenfunction Ψ of the Hamiltonian
which on the physical space of SU(2) invariant states is equal to the square of each of the supercharges
Due to elliptic regularity (see e.g. [11] ), any solution to HΨ = 0 must be smooth. Accordingly, one can, around the origin, write Ψ in terms of a power series in the coordinates,
with ψ
∈ H, and Ψ (k) vanishing to order k at x = 0. Examining the equations QβΨ = 0 to each order in the coordinates, we find
tA,uB = 0,
etc. for allβ. Note the three separate towers of equations relating Ψ (k) to Ψ (k+3) via intertwiners. In any case, using that Ψ must be Spin(9) invariant [12] , one concludes that ψ (0) must be a scalar multiple of the state we constructed in this paper.
Appendix A
In this Appendix we work with a single H 256 . A Fock space representation of H 256 can be obtained by introducing fermionic creation operators λ α and annihilation operators
A basis of the Hilbert space H 256 is obtained by acting with products of the λ α 's on the fermion vacuum state | 0 defined by λ † α | 0 = 0. The Spin (9) 
when choosing
with Γ i being 8 × 8, purely imaginary, antisymmetric matrices satisfying
As already mentioned, the Hilbert space H 256 decomposes into three irreducible representations whose elements will be denoted by |st , |stu and |sα respectively.
44
An explicit presentation of the 44 in terms of creation operators λ α was given in [13] as follows: 
where
While it is convenient to work with the overcomplete set of states |st = |ts , satisfying 9 s=1 |ss = 0 and transforming according to
one should be aware of the fact that they are not orthonormal; rather
(in accordance with |s = t ∼ = u ||uu , where ||st are unconstrained tensor product-states satisfying st||s ′ t ′ = δ ss ′ δ tt ′ ) (8) follows from (9) when starting with the 27-dimensional traceless sym- 
respectively
-which of course could have alternatively been used to define |tα .
Intertwiners
The above intertwining relations (12) and (13) as well as the ones below (explicitly checked on the computer), we believe to be crucial for the construction of the full zero energy state; θβ|stu .
